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▸ Estimate  and  using data generated by some policy . r(π) vπ b
The Prediction Problem
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Algorithm 1

wt+1 ≐ wt + αt δt zt
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Is it guaranteed to converge…?
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PROVING CONVERGENCE OF SAMPLED-BASED ALGORITHMS

1. Show that the sequence of iterates is bounded and 
asymptotically converges to the solutions of an ODE.

(WHAT I’VE LEARNED ABOUT)

2. Show the ODE has a globally stable equilibrium point.

w0 w1 … wt …



APPLYING THESE TECHNIQUES  
TO PROVE THE CONVERGENCE OF OUR ALGORITHMS



ANALYSIS OF ALGORITHM 1



ANALYSIS OF ALGORITHM 1

wt+1 ≐ wt + αt δt zt

R̄t+1 ≐ R̄t + ηαt δt

δt ≐ Rt+1 − R̄t + w⊤
t xt+1 + w⊤

t xt

zt ≐ λzt−1 + xt

where



ANALYSIS OF ALGORITHM 1

{ ut+1 ≐ ut + αt[bt + Atut]
wt+1 ≐ wt + αt δt zt

R̄t+1 ≐ R̄t + ηαt δt

δt ≐ Rt+1 − R̄t + w⊤
t xt+1 + w⊤

t xt

zt ≐ λzt−1 + xt

where



ANALYSIS OF ALGORITHM 1

{ ut+1 ≐ ut + αt[bt + Atut]

bt ≐ [ ηRt+1

ztRt+1](d+1)×1

At ≐ [
−η η(xt+1 − xt)⊤

−zt zt(xt+1 − xt)⊤]
(d+1)×(d+1)

wt+1 ≐ wt + αt δt zt

R̄t+1 ≐ R̄t + ηαt δt

δt ≐ Rt+1 − R̄t + w⊤
t xt+1 + w⊤

t xt

zt ≐ λzt−1 + xt

where



ANALYSIS OF ALGORITHM 1

{ ut+1 ≐ ut + αt[bt + Atut]

bt ≐ [ ηRt+1

ztRt+1](d+1)×1

At ≐ [
−η η(xt+1 − xt)⊤

−zt zt(xt+1 − xt)⊤]
(d+1)×(d+1)

A = 𝔼[At] ≐ [
−η 0⊤

−1
1 − λ X⊤Dπ1 X⊤Dπ(Pλ

π − 𝕀)X]

wt+1 ≐ wt + αt δt zt

R̄t+1 ≐ R̄t + ηαt δt

δt ≐ Rt+1 − R̄t + w⊤
t xt+1 + w⊤

t xt

zt ≐ λzt−1 + xt

where



ANALYSIS OF ALGORITHM 1

{ ut+1 ≐ ut + αt[bt + Atut]

bt ≐ [ ηRt+1

ztRt+1](d+1)×1

At ≐ [
−η η(xt+1 − xt)⊤

−zt zt(xt+1 − xt)⊤]
(d+1)×(d+1)

A = 𝔼[At] ≐ [
−η 0⊤

−1
1 − λ X⊤Dπ1 X⊤Dπ(Pλ

π − 𝕀)X] is Hurwitz.

wt+1 ≐ wt + αt δt zt

R̄t+1 ≐ R̄t + ηαt δt

δt ≐ Rt+1 − R̄t + w⊤
t xt+1 + w⊤

t xt

zt ≐ λzt−1 + xt

where



ANALYSIS OF ALGORITHM 1

{ ut+1 ≐ ut + αt[bt + Atut]

bt ≐ [ ηRt+1

ztRt+1](d+1)×1

At ≐ [
−η η(xt+1 − xt)⊤

−zt zt(xt+1 − xt)⊤]
(d+1)×(d+1)

A = 𝔼[At] ≐ [
−η 0⊤

−1
1 − λ X⊤Dπ1 X⊤Dπ(Pλ

π − 𝕀)X] is Hurwitz.
(Tsitsiklis & Van Roy’s (1999) Lemma 7)

wt+1 ≐ wt + αt δt zt

R̄t+1 ≐ R̄t + ηαt δt

δt ≐ Rt+1 − R̄t + w⊤
t xt+1 + w⊤

t xt

zt ≐ λzt−1 + xt

where



ANALYSIS OF ALGORITHM 1
PUTTING EVERYTHING TOGETHER



ANALYSIS OF ALGORITHM 1
PUTTING EVERYTHING TOGETHER



ANALYSIS OF ALGORITHM 1
PUTTING EVERYTHING TOGETHER



EXTENSION TO THE OFF-POLICY SETTING



EXTENSION TO THE OFF-POLICY SETTING

One-step off-policy Differential TD



EXTENSION TO THE OFF-POLICY SETTING

One-step off-policy Differential TD

wt+1 ≐ wt + αt ρt δt xt

R̄t+1 ≐ R̄t + ηαt ρt δt

δt ≐ Rt+1 − R̄t + w⊤
t xt+1 + w⊤

t xt

ρt ≐
π(At |St)
b(At |St)

where



EXTENSION TO THE OFF-POLICY SETTING

One-step off-policy Differential TD

Multi-step version?
wt+1 ≐ wt + αt ρt δt xt

R̄t+1 ≐ R̄t + ηαt ρt δt

δt ≐ Rt+1 − R̄t + w⊤
t xt+1 + w⊤

t xt

ρt ≐
π(At |St)
b(At |St)

where



EXTENSION TO THE OFF-POLICY SETTING

One-step off-policy Differential TD

Multi-step version?

wt+1 ≐ wt + αt δt zt

R̄t+1 ≐ R̄t + ηαt δt

zt ≐ λzt−1 + xt

Algorithm 1

wherewt+1 ≐ wt + αt ρt δt xt

R̄t+1 ≐ R̄t + ηαt ρt δt

δt ≐ Rt+1 − R̄t + w⊤
t xt+1 + w⊤

t xt

ρt ≐
π(At |St)
b(At |St)

where



EXTENSION TO THE OFF-POLICY SETTING

One-step off-policy Differential TD

Multi-step version?

wt+1 ≐ wt + αt δt zt

R̄t+1 ≐ R̄t + ηαt δt

zt ≐ λzt−1 + xt

Algorithm 1

wherewt+1 ≐ wt + αt ρt δt xt

R̄t+1 ≐ R̄t + ηαt ρt δt

δt ≐ Rt+1 − R̄t + w⊤
t xt+1 + w⊤

t xt

ρt ≐
π(At |St)
b(At |St)

where



EXTENSION TO THE OFF-POLICY SETTING

One-step off-policy Differential TD

Multi-step version?
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π − 𝕀)]

A1off ≐ [
−η η d⊤

b (Pπ − 𝕀)
−1
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So Algorithm 1off can diverge… :(

is Hurwitz.
(Tsitsiklis & Van Roy’s  

(1999) Lemma 7)
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(via a simulation analysis)
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ON-POLICY LEARNING CURVES

▸ Asymptotic 
convergence for all 
these values of λ

▸ Intermediate value 
of  works bestλ

▸ Similar trends for 
other values of η
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Value Error
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(100 runs)
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