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ṽπ(s) ≐ 𝔼π[Rt+1 − r(π) + Rt+2 − r(π) + … |St = s]
vγ

π(s) ≐ 𝔼π[Rt+1 + γRt+2 + γ2Rt+3 + … |St = s]

Estimate  and r(π) ṽπ
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ṽπ(s) ≐ 𝔼π[Rt+1 − r(π) + Rt+2 − r(π) + … |St = s]
vγ

π(s) ≐ 𝔼π[Rt+1 + γRt+2 + γ2Rt+3 + … |St = s]

The Control Problem

Find  that maximizes π r(π)
The Prediction Problem

Estimate  and r(π) ṽπ
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▸ Abounadi, Bertsekas, & Borkar (2001):   
a big step forward
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Qt+1(St, At) ≐ Qt(St, At) + αt[Rt+1 − R̄t + max
a′￼

Qt(St+1, a′￼) − Qt(St, At)]

Diff

δtR̄t+1 ≐ R̄t + ηαt δt

Qt+1(St, At) ≐ Qt(St, At) + αt[Rt+1 − f(Qt) + max
a′￼

Qt(St+1, a′￼) − Qt(St, At)]

RVI Q-learning

Examples of   :f
▸ value of a single state–action pair

▸ average of values of all state–action pairs
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off-policy average-reward control.
▸ does not require a reference function
▸ is relatively easy to use

▸ Differential TD-learning is a convergent algorithm for          
off-policy average-reward prediction.
▸ estimates both the average reward and the values accurately
▸ is relatively easy to use

More experiments, planning variants of these learning algorithms, convergence proofs, etc.: 
Wan*, Naik*, & Sutton. (2021). Learning and Planning in Average-Reward Markov Decision Processes. ICML.

▸ Convergence results 
limited to the tabular case

▸ No temporal abstraction

▸ All algorithms are one-step 
methods
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Also guaranteed to converge, 
under the same conditions

R̄t+1 ≐ R̄t + ηαt (Rt+1 − R̄t)

Average-Cost TD( )λ
Guaranteed to converge 

(Tsitsiklis & Van Roy, 1999)
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1. Show that the sequence of iterates is bounded and asymptotically 
converges to the solutions of an ODE.

(WHAT I’VE LEARNED ABOUT)

2. Show the ODE has a globally stable equilibrium point.

w0 w1 … wt …

Proving the convergence of Algorithm 1 was fairly straightforward.
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1 − λ Dπ1 Dπ(Pλ

π − 𝕀)]

A1off ≐ [
−η η d⊤

b (Pπ − 𝕀)
−1

1 − λ Db1 Db(Pλ
π − 𝕀) ]

So Algorithm 1off can diverge… :(

is Hurwitz.
(Tsitsiklis & Van Roy’s  

(1999) Lemma 7)

is not Hurwitz.
(via a simulation analysis)
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wt+1 ≐ wt + αt δt zt

R̄t+1 ≐ R̄t + ηαt δt zR̄
t

zt ≐ ρt (λzt−1 + xt)

zR̄
t ≐ ρt (λzR̄

t−1 + 1)

where

A = Db(Pλ
π − 𝕀 −

η
1 − λ

1g⊤) is Hurwitz!
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+ ṽπ(s) + eγ
π(s), ∀s

vγ
π(s) ≐ 𝔼π[Rt+1 + γRt+2 + γ2Rt+3 + … |St = s]

= 𝔼π[
∞

∑
k=0

γkRt+k+1 |St = s]

Rt+1 Rt+2 Rt+3 … Rt+n …

v̄π(s) ≐ 𝔼π[
∞

∑
k=0

(Rt+k+1 − r(π)) |St = s]

Standard  
discounted 

value function



KEY INSIGHT

vγ
π(s) =

r(π)
1 − γ
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π(s) ṽπ(s)



MORE INTUITION
r(π) = 1+3

A

B C

r(π)
1 − γ

γ = 0.8
γ = 0.9

5
10

Centered 
discounted values

Standard 
discounted values

Differential values

Centered 
discounted values

Standard 
discounted values

Differential values

Centered 
discounted values

Standard 
discounted values

Differential values

=
r(π)
1 − γ

+ + eγ
π(s)

ṽγ
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Analysis, more experiments, etc.: 
Naik, Wan, Tomar, & Sutton. (2024). Reward Centering. Under review.

▸ Additional non-stationarity;  
step-size adaptation would help!

▸ Should be combined with 
techniques for reward scaling

▸ Unlocks algorithms in which the 
discount factor can be efficiently 
adapted over time

Every RL algorithm will benefit with reward centering!
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of average-reward and 
discounted-reward methods

▸ A suite of continuing problems

▸ Policy-based variants

▸ Model-based variants

▸ Exploration techniques for 
continuing problems

Contributions Future Work
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